Even Set Systems by Andreas Dress
Even Set Systems
Andreas Dress1, 2∗
1Department for Combinatorics and Geometry, CAS-MPG Partner Institute and Key Lab for
Computational Biology, Shanghai Institutes for Biological Sciences, Chinese Academy of
Sciences, 320 Yue Yang Road, Shanghai 200031, P.R.China
2Max Planck Institute for Mathematics in the Sciences, Inselstrasse 22 -26, D 04103 Leipzig,
Germany
dress@sibs.ac.cn, dress@mis.mpg.de
Received December 3, 2005
AMS Subject Classification: 92B10, 05E99, 05A18
Abstract. In phylogenetic combinatorics, the analysis of split systems is a fundamental issue.
Here, we observe that there is a canonical one-to-one correspondence between split systems
on the one, and “even” set systems on the other hand, i.e., given any ﬁnite set X , we show
that there is a canonical one-to-one correspondence between the set P (S(X)) consisting of all
subsets S of the set S(X) of all splits of the set X (that is, all 2-subsets {A, B} of the power set
P (X) of X for which A∪B = X and A∩B = /0 hold) and the set P even(P (X)) consisting of all
subsets E of the power set P (X) of X for which, for each subset Y of X , the number of proper
subsets of Y contained in E is even.
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1. Introduction
An important topic in phylogenetic combinatorics is the analysis of split systems, i.e.,
of subsets S of the set
S(X) := {{A, B} : A, B⊆ X , A∪B = X , A∩B = /0}
consisting of all splits S = {A, B} of a given finite set X , that is, all 2-subsets {A, B}
of the power set P (X) of X for which A∪B = X and A∩B = /0 hold.
Here, we want to present a result that apparently, in spite of all the efforts that has
gone into analyzing all sorts of split systems in recent years (see for instance, [1–8]),
has gone unnoticed so far, viz., the fact that, given any finite set X , there is a canonical
one-to-one correspondence between the set P (S(X)) consisting of all subsets S of the
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set S(X) and the set P even(P (X)) consisting of all even set systems E defined over X
provided we define a subset E of the power set P (X) of X to be an even set system
(defined over X) if and only if the number E ∗(Y ) of proper subsets of any given subset
Y of X that are contained in E is even, that is, if and only if
E∗(Y ) := |{Z  Y : Z ∈ E}| ≡ 0 mod 2
holds for every subset Y of X .
More precisely, we want to establish the following two simple facts:
Proposition 1.1. Given any ﬁnite set X, any set system X ⊂ P (X) deﬁned over X,
any subset Y of X, and any split S = {A, B} ∈ S(X), put
X (Y ) := |{Z ∈ X : Y ⊆ Z}|
and
X (S) := X (A)X (B).
Then,
E(A)≡ E(B) mod 2
and, therefore, also
E(S) = E(A)E(B)≡ E(A)≡ E(B) mod 2
holds for every even set system E ∈ P even(P (X)) deﬁned over X and every split S =
{A, B} ∈ S(X) of X.
Proposition 1.2. Given any ﬁnite set X and any set system X ⊂ P (X) deﬁned over
X, put
SX := {S ∈ S(X) : X (S)≡ 1 mod 2}.
Then, restricting the map
P (P (X))→P (S(X)) : X 	→ SX
to the subset P even(P (X)) of P (P (X)) consisting of all even set systems E deﬁned
over X induces a canonical bijection from P even(P (X)) onto the set P (S(X)) con-
sisting of all split systems S deﬁned over X whose inverse is given by associating, to
any split system S ∈ S(X) deﬁned over X, the set system
ES := {Y ⊆ X : |{Z ⊆ X : Y ⊆ Z, {Z, X−Z} ∈ S}| ≡ 1 mod 2}.
2. Proofs
Both results follow easily from combining the fact that, given any two finite sets Y, Z
with Y ⊆ Z, one has
|{A⊆ Z : Y ⊆ A}| ≡ 1 mod 2
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if and only if Y = Z holds, with the fact that, putting
δY,Z :=
{
1, if Y = Z,
0, else,





1, if A ∈ X ,
0, else,
for every set system X ⊆ P (X) defined over X and all A⊆ X (also as usual), one has
∑
Y⊆Z
δY,E = |{Y ∈ E : Y ⊆ Z}|= E∗(Z)+ δZ,E ≡ δZ,E mod 2






|{Y ∈ E : Y ⊆ Z}| mod 2
for every even set system E ∈ P even(P (X)) defined over X and every subset A of X .
Indeed, given any finite set X , any even set system E ∈ P even(P (X)) defined over














δY,E |{Z ⊆ X : A∪Y ⊆ Z}|
≡ ∑
Y⊆X





holds. This establishes the first proposition.
To show that also the second proposition holds, we have to show that
(i) ESE = E holds for every even set system E ∈ P even(P (X)),
(ii) ES is an even set system for every split system S ⊆ S(X),
(iii) SES = S holds for all S ⊆ S(X).
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So, assume that E ∈ P even(P (X)) is an even set system and that Y is any subset
of X . Then, Y is contained in ESE if and only if
|{Z ⊆ X : Y ⊆ Z, {Z, X−Z} ∈ SE}| ≡ 1 mod 2
or, equivalently,
|{Z ⊆ X : Y ⊆ Z, E(Z)≡ 1mod2}| ≡ 1 mod 2
holds. However, we have





















2|W−Y |δW,E ≡ ∑
W⊆X ,Y⊆W
δY,W δW,E = δY,E mod 2
therefore,
Y ∈ ESE ⇐⇒ Y ∈ E
for every Y ⊆ X implying that E = ESE holds indeed for every even set E ⊆ P (X),
as claimed.
Next, given any split system S ⊆ S(X), note first that
δY,ES ≡ ∑
Z⊆X ,Y⊆Z
δ{Z,X−Z},S , mod 2
as well as
ES (Y ) = |{Z ∈ ES : Y ⊆ Z}|= ∑
Z⊆X ,Y⊆Z
δZ,ES
holds, essentially by definition, for every subset Y of X (with δS,S := 1 if S ∈ S holds,
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≡ δY,ES mod 2
and, therefore,




δZ,ES − δY,ES ≡ 0 mod 2
holds also for every subset Y of X , as claimed.
Consequently, one has
ES (S)≡ ES (A)≡ ES (B) mod 2
for every split system S ⊆ S(X) and every split S = {A, B} ∈ S(X). Thus, given a
split S = {A, B} ∈ S(X) and a split system S ⊆ S(X), one has S ∈ SES if and only if
one has Es(A)≡ 1 mod 2 holds. However, one has






δ{Z,X−Z},S , mod 2
essentially by definition, for every subset Y of X implying that



















= δS,S mod 2
holds for every split S = {A, B} ∈ S(X) and, therefore, also
S ∈ SES ⇐⇒ Es(A)≡ 1mod2 ⇐⇒ δS,S = 1 ⇐⇒ S ∈ S .
Thus, we must have SES = S for every split system S ⊆ S(X), as required.
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